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Se l f -mode l ing  so lu t ions  of the he a t - conduc t i on  equat ion a r e  de sc r ibed .  The t e m p e r a t u r e  
m o m e n t  is a s s u m e d  cons tan t .  

Many  s e l f - m o d e l i n g  so lu t ions  a r e  known f o r  the non l inea r  p l ana r  hea t -conduc t ion  equat ion.  In [1], 
so lut ions  a r e  c o n s t r u c t e d  fo r  boundary  condi t ions  in which the t e m p e r a t u r e  o r  heat  flow v a r i e s  with some  
power  of the t ime.  In [2], a solut ion is obtained which is based on the a s s u m p t i o n  that  the t e m p e r a t u r e  

m o m e n t  ~ xT(x,  t)dx is independent  of t ime.  
0 

The p r e se n t  work  g e n e r a l i z e s  the so lu t ions  found in [1] and [2]. I t  is found that  m a n y  solu t ions ,  in-  
c luding those  we l l -known can be obtained under  the condit ion of cons tan t  t e m p e r a t u r e  momen t .  

We mul t ip ly  both side s of  the non l inea r  hea t - conduc t ion  equat ion  

OT~ O ( a T  ~ O T  ) 
Ot - Ox Ox (1) 

by tPxkT m and in tegra te  with r e s p e c t  to x f r o m  x = 0 (the med ium boundary)  to  x = x~(t), where  xl(t ) is the 
t h e r m a l - w a v e  f ront ,  at  which the condit ion 

is sa t i s f ied .  We obtain 

m + s  

T iX=Xl ( t  ) = aT ~ OT I = 0. (2) 
OX tx=x~(O 

d tPxk Trn+sd x ps t~_!x k Tm+Sdx + a tp x~ 
dt m + s  n + m  l Ox 

o 0 

~X k-I  Tn+m+l' f~(t) 

- 4 - ,  t P x k - 2 T n + ~ + l d x - - m  I tPxkTn+m-1 Oy ] " (3) 

o o 

All t e r m s  a r e  a s s u m e d  finite.  

We seek  those  so lu t ions  of Eq. (1) f o r  which  the r igh t  s ide of  Eq. (3) is ze ro .  The condi t ion  
xl~t) 

j t~ x~ T "+~ dx = M, (4) 
o 

with M = const  holds  fo r  these so lu t ions .  The p a r a m e t e r s  a f r o m  (1) and M f rom (4) a r e  used to c o n s t r u c t  
s e l f - m o d e l i n g  so lu t ions .  They  have the f o r m  

! 

T (x, 0 = (M A' a A' P' )  u f (5), (5) 

X 
= i ' (6) 

(M~ a% t ~' )~ 

whe re 
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A,----2, 6 l = n - - s - ] -  l, 

A ~ = - - ( k  ,-{-1), 5~=mq-s ,  

A s = - - ( k  ,-}-l)--2p, 63----m_ s - - p ( n - - s -  F1), 

A -- 2 (m ~- s) + (k -]- 1) ( n - - s  + 1). 

Substituting (5) and (6) in Eq. (1), we obtain for  f(~) the o rd ina ry  di f ferent ia l  equation 

f f 'D '  + 8 ~  ~f,_~ f, _ A~s f~ = 0. 
A A 

(7) 

(s) 

Certa in  aux i l i a ry  re la t ionships  a r e  required  in what follows. In tegra t ing  (1) with r e spec t  to x, and 
then (1) mult ipl ied by x with r e spec t  to x, we obtain 

d "(-') I ~" t" TSdx = - -  aT'* dT d T~xd x = a T,+I I~=0. 
dt J dx x=o' dt n-~ l 

0 0 

Substituting T(x, t) f rom (5) and (6) in the la t te r  equation, we have 

~o 

3 - -  f" f '  t~=o = a,s + 6~ f~ (t~) dE, (9) 
A 

0 

~~ 

i f'*+l l~=o = (n .~- 1) ' ~  + 28~ f s (~) ~a~, ( lo)  
' A 

0 

where ~0 is the value of the d imens ion less  p a r a m e t e r  (6) at x = xl(t). 

Equation (8) can be wri t ten in the fo rm 
83 

(f'*f')' + -~-- ~i,+,~ (~-,~ f ') ' = o, (11) 

where co = ~3s/Sz. 

Integrat ing (11), we obtain 

a f '  (~) d,'i = C. 
0 

The constant  C is de te rmined  by sett ing ~ = 0 and using (9): 

~. 

, 8  t' 5~ ~- ~ p ( ~ ) a ~ = o .  f . f ,  + - - f f  ~f, + a,s A . 

Including condition (2) at  the front ,  we obtain the integral  equation for  

1 fn+l (~) = (g) t~dg + (~) d~d~. 
n + l  A J  h . 

(12) 

(13) 

The value of~0in (13) is unknown. The functions f(D and ~0 mus t  sa t i s fy  the condition 

j f~§ (~) p a~ = 1, (14) 
O 

in addition to (13). This follows f rom (4), using (5) and (6). 

Qualitatively di f ferent  solut ions of(13) and (14) a re  obtained, depending on the re la t ionships  between 
the p a r a m e t e r s  sn, 

s, n. m, k, p (t5) 

Thus,  for  /x 3 - 0  we have solutions which sa t i s fy  the boundary  condition T(x,  t)x= 0 = A t ~  Here  the boundary 
heat  flow is  posi t ive.  It r e m a i n s  posi t ive  fo r  (A3s + 63)/A > 0. F o r  AsS + 53 = 0 (zero heat  flow at the bound- 
a ry) ,  the solution for  f(~) follows f r o m  (12): 
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[ l - [  f ( ~ ) =  n - - s + l  6, ~ .-~+1 1- -  

2 A k ~ o / J  
(16) 

whe re  

~0 = ' 2 n ~+1 m+~ 

B , 1 + m + s  2 
n - - s + l  

(17) 

F o r  ~3s + 263 = 0, the solut ion sa t i s f i e s  the boundary  condit ion T(x, t )x= 0 = 0. 
without  q u a d r a t u r e ,  in the fo rm 

I " + *  

[ 1 1 (~  "~ n--~-')-"l/-- 
f ( ~ ) =  ( n + i )  n+s+ln--s+l ~A ~ ~ ~ --~ I--~o/ J 

where  

It is obtained f r o m  ( t l )  

I 
n--s-k-1 

, (18) 

n~--1 " ( n - - s ~ l )  B 1+  , 1 §  . (19) 
n + s - + - I  n - - s + l  

In the e x p r e s s i o n s  (17) and (19), B(y, z) is the beta function. 

The so lu t ions  (16) and (18) a re  g e n e r a l i z a t i o n s  of  e x p r e s s i o n s  de r ived  in [1, 2]. They  m a y  a l so  be ob-  
ta ined d i r e c t l y  f r o m  (13). The in tegra l  equat ion (13) is a l so  sa t i s f ied  by the funct ions  f(~), c o r r e s p o n d i n g  to 
negat ive  boundary  heat  flow at nonze ro  t e m p e r a t u r e .  This  o c c u r s  fo r  

63 ~ A3s@6~ < 0 .  
A A 

Thus ,  a c o r r e s p o n d e n c e  ex i s t s  between the boundary  condi t ions  and the n u m e r i c a l  va lues  of the 
p a r a m e t e r s  (15). To obtain so lu t ions  of  a given type,  one m u s t  s e l e c t  the r equ i red  p a r a m e t e r  va lues .  

Equat ion (13) can be solved n u m e r i c a l l y  as  fol lows.  We divide the in terval  [0, ~0] into equal s egmen t s  
by the points ~0 > ~1 > -'->~N-1 > ~N = 0. If f s (0  is  r ep l aced  by a s t r a i g h t  line in each  s egmen t ,  we obtain the 
fol lowing app rox i m a t e  equat ion a f te r  eva lua t ing  the in t eg ra l s  in (13): 

"q-' A 2N [fq I -N + ,2+ ~ - -  
q--2 

--~--3 ) - - N  (20) 
i=0 

where  q = 1, 2 . . . . .  N; fq = f(~q), and f0 = 0. 

A va lue  m u s t  be a s s i g n e d  to ~0 for  ca lcu la t ion  p u r p o s e s .  The va lues  of f(~) and ~0 mus t  s a t i s fy  Eq. (14). 
In conc lus ion ,  we note that  Eqs .  (5), (13), and (14) do not have mean ing  fo r  all va lues  of the p a r a m e t e r s  (15). 
Since the t e r m s  in (3) a r e  bounded,  it fol lows that  if T x = 0 = 0, then,  using (18) we have 

m 
k >  n ~- 1 ' (21) 

and if Tx=  0 >0,  

k > 1. (22) 

M o r e o v e r ,  r e s t r i c t i o n s  based on phys ica l  c o n s i d e r a t i o n s  a re  imposed  on the p a r a m e t e r s  (15). The 
condi t ion for  w a v e - f r o n t  ve loc i ty  damping  is obtained f r o m  (6): 

> - ~ -  > 0. (23) 1 

The function f(~) is pos i t ive  fo r  all  va lues  of the a r g u m e n t .  W e  h a v e , t h e r e f o r e , f r o m  (10) 

Ass + 263 ~ O. (24) 
A 

Since the t h e r m a l  wave is p r o p a g a t e d  with finite ve loc i ty ,  

n > O. (25) 
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It is also obvious that 

s ~ l .  

T 
X 

t 
a and M 
s , n ,  m , k ,  and p 

1o 

2. 

N O T A T I O N  

is the tempe rature;  
is the coordinate; 
is the time; 
are the dimensional pa ramete rs ;  
are the dimensionless  pa ramete r s .  
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